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This online material contains six appendices to the paper. Appendix A proves proposition 1 in
the paper. Appendix B derives the stationary equilibrium. Appendix C studies the bubbly steady
state. Appendix D provides the log-linearized equilibrium system around the bubbly steady state.

Appendix E presents a table of business cycle moments. Appendix F presents a robustness analysis.

A Appendix: Proof of Proposition 1 in the Paper:

We use a conjecture and verification strategy to find the decision rules at the firm level. We first

study the optimal investment problem by fixing the capacity utilization rate u]. Using (14) and

(16) in the paper, we can write firm j’s dynamic programming problem as
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subject to the investment constraint:
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For &} < P;/Q, I} = 0. Optimizing over L] , yields Qs = 1/Ry. For e, > P,/Qy, the
optimal investment level must reach the upper bound in the above investment constraint. We can
then immediately derive the optimal investment rule in (18) of the paper. In addition, the credit

constraint (17) in the paper must bind so that

1 . .
RiftLiH = Q& K] + B,z (A.3)

Substituting the optimal investment rule and Qr; = 1/Ry; into (A.1) yields:

vi(e)) K] + br(e]) — vne(e]) L]
= W R} + Q1= 8)K] + By — L
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Since ui is determined before observing 5{ , it solves the following problem:

max wl RyK? + Qi(1 — 0))K! + Gyul R K7, (A.5)
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where Gy is defined by (20) in the paper. We then obtain the first order condition
Ri(1+ Gy) = Q' (u]). (A.6)

Since 5{ =9 (ug ) is convex, this condition is also sufficient for optimality. From this condition, we
can immediately deduce that optimal ui does not depend on firm identity so that we can remove

the superscript j.
By defining 0; = 0(u¢), (A.4) becomes
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where L{ 41/ Ry is given by (A.3). Matching coefficients yields:

J e J P,
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and

vpi(e]) =

Qt#/Pt -1 lei > %
1 otherwise

Using equation (14) in the paper, we then obtain (21) and (22) and (23) in the paper. Q.E.D.

B Appendix: Stationary Equilibrium

We define the following transformed variables:

~ Ct ~ It ” Y;f o Kt
G, = L=t y=2t K=t
t Pt y 1t Ztrt y It Pt ) t Ft—th—l )
- Py - B X ~ W,
pso= L pi="t X, =20 =L
t Ft, t Pt, t FtZt’ t Ft,

Qi = Qi Pt = P Z, Rt = R Zy, At = ATy,

where I'; = Ztm A;. The other variables are stationary and there is no need to scale them. To be
consistent with a balanced growth path, we also assume that Ko = I'y—17;_1 Ky, where Kj is a

constant.



The six shocks in the model are given by

1. The permanent TFP shock,

AV =AY Nat, Indar = (1—po)Indg + pgInAg i1 + €ar. (B.1)

2. The transitory TFP shock,

In A" = pom INAJ" | 4+ €4m 4. (B.2)
3. The IST shock,
Zt = Zt71>\zta In )\zt = (1 — pz) lnj\z + P In )\Z,t,1 —+ E4t. (B3)
4. The sentiment shock,
Inb; = (1—pg) 0+ pglnbi_y1 + gz (B.4)
5. The labor shock,
Iy, = (1—py) N+ pyIney, | + ey (B.5)

6. The financial shock,
In¢, = (1 — pc) In¢ + peInG_q +ec

Here, all innovations are mutually independent and are independently and identically dis-

tributed normal random variables.

Denote by g4 = I't/T';—1 the growth rate of I';. Denote by g, the nonstochastic steady-state of

gt, satisfying
o

Ing, = . In A, +1n\,. (B.6)
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On the nonstochastic balanced growth path, investment and capital grow at the rate of A\; = gvj\z;
consumption, output, wages, and bubbles grow at the rate of g,; and the rental rate of capital,

Tobin’s marginal @, and the relative price of investment goods decrease at the rate \..

After the transformation described in Section 3, we can derive a system of 15 equations for 15
transformed variables: {C’t, ft, i/t, Nt, Kt, Ug, Q~t7 Xt, ]3,5, Wt, Rt, my, Bg, th, At}

1. Resource constraint:

~ 2
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where gzt = Zt/Zt—l-



. Aggregate Investment:
- - ~ - -\ 1—®(gf
I = (¥ + Q% + By) ]5(07
t

where ef = P;/Q;.

. Aggregate output:
~ ~ 6
Y, = (WXt) N},

. Labor supply:

Y, -
(1 —oz)ﬁiAt =1,

. The law of motion for capital:
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where

(el = / o).

. Capacity utilization:
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a— (14 Gy) = Qi (uy),
utXt
where 5 (o
Gt:/ (e/ef —1)d® (e) = (it) + & (ef) — 1.
e>ef €
. Marginal Q:
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Q1= B(1 - 0.)E, (w110 (ue1) + (1= 0e11) + GG ] -

. Effective capital stock used in production:

- 1 -6 ~
Xy = ‘K + 6.Ko.
9zttt

. Euler equation for investment goods producers:
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10. The wage rate:

11. The rental rate of capital:

12. Evolution of the number of bubbly firms:

my = mt_l(l — 56)0t—1 + (56(,0.

13. Evolution of the total value of the bubble:

. A - m
B} = BEtileﬂ (14 Gry1) (1 — 6)0——.
At mt+1
14. The risk-free rate: i
1 t+1 1
— = BE— 1+G 1—4,).
Ry = PR (G (10

15. Marginal utility for consumption:
- 1 h
t = — = Et ~ ~ .
Ct — hCi—1/ gt Ct+194t+1 — hCh

C Appendix: Steady State

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

The transformed system presented in Appendix B has a nonstochastic steady state. We eliminate
W; and R, and then obtain a system of 15 equations for 15 steady-state values: {C’, I,Y, N, K,
u, Q, X, P, W, R, m, B, Rf,[\}, where we have removed time subscripts. We assume that the

function § (+) is such that the steady-state capacity utilization rate is equal to 1. In addition, we

set Q = 1 which pins down G.

1. Resource constraint:
C+I=Y,
where we have used the fact that A\; = S\Zgy.

2. Aggregate investment:

I = (a¥ +CQX + B°) 1‘;?)

where 1 — @ (e*) = [_ . dP (¢), and e* = P/Q.

e>e*

3. Aggregate output:
Y = XONI7,

(C.2)



4. Labor supply:

5. End-of-period capital stock:
K=Q-60)X~+1

where

ﬁgu+a):@&u%

6. Capacity utilization:
«@
X

G:/ (e/e* —=1)d® (e) =
[6'(1) +1—-6(1)+(G].

E§ﬂ+¢@ﬂ—y

where
1
29y

>

7. Marginal Q:
1=05(1-0de)

/\zg’y

8. Effective capital stock used in production:
- 1-6. -
X K +6.K.

9. Euler equation for investment goods producers:

10. The wage rate:

11. The rental rate of capital:
12. Evolution of the number of bubbly firms:
m=m(l —8.)0 + dew.

13. Evolution of the total value of the bubble:
B*=BB*(1+G)(1—4.)0

(C.7)

(C.10)

(C.11)

(C.12)

(C.13)



14. The risk-free rate:

1 1
— =0—(1+G)(1-=5). C.14
R =0, (a4 (C.14)
15. Marginal utility for consumption:
~ 1 h
A= b (C.15)

C’—hé/g«, - C*gy—hé'

For convenience, define ef = P,/Q; = ]5t / Qt as the investment threshold. We use a variable
without the time subscript to denote its steady-state value in the transformed stationary system.

The following proposition characterizes the bubbly steady state.!

Proposition: Suppose that w > 0 and 0 < ey < B(1 — 56)9 < B. Then there exists a unique
steady-state threshold £* € (€min, Emax) Satisfying

1
g/e*—1)d®(e) = ———= — 1. C.16
[ e =00 = (C.16)
If the parameter values are such that
B [or — (1 —6(1))] ¢, >
— = — —a—(p, >0, C.17
71 (B —000] -0 (=) e
where we define
1-0. _ Ko\
== + 0e— , C.18
ok < Azgy K) ( )
o

P (C.19)

ng’yé - (1 =9 (1)) 5(1 - 56)9 - E [1 - 6(1 - 5e)é] ’
then there exists a unique bubbly steady-state equilibrium with the bubble-output ratio given in
(C.17). The steady-state growth rate of the bubble is given by 6 = Ry /gy, where Ry is the steady-
state interest rate. In addition, if
1
f(1)=—2* C.20
W= sa—sie. (€20

then the capacity utilization rate in this steady state is equal to 1.

Proof: In the steady state, equation (B.15) implies that P = 1. Hence by definition we have
£* = 1/Q. Then by the evolution equation (B.19) of the total bubble, we obtain the steady-state

relation:

6(1_166)0_12612/>*(5/5*—1)d<1>(5). (C.21)

!The bubbleless steady state can be obtained by setting B* = 0 and m = w = 0. In this case we can remove
equations (C.13) and (C.12).




Define the expression on the right-hand side of the last equality as a function of £*, G (¢*). Then
we have G(epin) = L _ 1 and G(emax) = 0. Given the assumption that ey, < B(1 — d¢)0, there

€min

is a unique solution £* to equation (C.21) by the intermediate value theorem. In addition, by the

definition of G, we have
Y (g%)
6*

where ¥ (¢*) = [ . ed® (¢). Thus X (¢*) can be expressed as

G:

- [1_®(8*)]7

() = [G+1— ()] (C.22)

Suppose that the steady-state capacity utilization rate is equal to 1. The steady-state version
of (B.13) gives (C.7) and the steady-state version of (B.12) gives (C.6). Using these two equations,
we can derive - -

Ozz _ Q 929y
X 14G|[B(1-9.)
Substituting equation (C.21) into the above equation yields:

(1-46(1) - ¢G| . (C.23)

QX _
v Pas (C.24)

where @, is given by (C.19). In order to support the steady-state u = 1, we use equation (B.12)
and (C.24) to show that condition (C.20) must be satisfied.

From (B.14), the end-of-period capital stock to the output ratio in the steady state satisfies
K
Y

X

= @k?v (0-25)

where ¢, is given by (C.18). Then from equation (B.11), we can derive the steady-state relation:

I 1-2(e") X
R ST [‘Pk—(l—fs(l))]?
B 1-® (%) QX
_ D =2E) e = (A =0MW)]w,
B G+ 1k— D (e%) ’ (C.26)

where the second line follows from (C.22) and £* = 1/Q and the last line follows from (C.24). After

substituting (C.21) into the above equation, we solve for 1 — & (£*) :

1/ [B(1—10d.)0] —1
1

1= () = ——
(1Y) lo— (=8 ()]p, —1

: (C.27)



From (B.8), the steady-state total value of bubble to GDP ratio is given by

)X

Be T 1 _
- —(——=.
CY

Y TV1-0@

Substituting (C.21), (C.26) and (C.24) into the above equation yields (C.17). We require B*/Y > 0.
By (23) and (34) in the paper, the growth rate of bubbles of the surviving firms in the steady state
is given by 6 = R¢/g,. Q.E.D.

D Appendix: Log-linearized System

We eliminate equations for W; and R;. The log-linearized system for 13 variables {C’t, I, Y:, Ny,

K, wy, Qt, X, P, my, Bf, Ry, At} including two growth rates are summarized as follows:

1. Resource constraint:

. C 4 I.
Y;t = ? t+ ? t- (D-l)
2. Aggregate investment:
I = _ ¢ =Y, + = 2 = (&t‘f‘Qt‘f‘Xt) (D.2)
a+(p,+BYY  a+(p,+BYY

By

= = ~E“—ué*—ﬁt,
a+Cp, + By !

where ()
d) e*) e* » R R
=— =P — Q. D.
1 . (b (8*)7 gt t Qt ( 3)
3. Aggregate output:
Y= a (at + Xt) +(1—a)N,. (D.4)
4. Labor supply:
Av+Y, = Ny =, (D.5)
5. End of period the capital stock:
N d (1 1-46(1) 4 1-46(1 A
Ky =— ( )ﬁt—i— ( )Xt—i-(l—()) <It—uéj{>, (D.6)
Pk Pk Pk Ya
where 3 ()
1—®(e*
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6.

7.

10.

11.

12.

13.

Capacity utilization:

Vi — X+ [1 - B(1 - 60)0] pgé; = Qi + <1 + ‘;, ((11))> Ty

Marginal Q:

Qi = E; (At-i-l - At) + E; (Qt+1 — Jat41 — §7t+1)
+ﬁ(1 —3.)8" (1) 8" (1)

)\zg'y ¢ (1)
55(1 - 66)G > Ax
+TE15 (Ct+1 + 90G5t+1) .

Eytig 1

. Effective capital stock

o 1-6, /-
Xt = —= W(Kt—ﬁt—gt)-
! )\zgv b : K

. Euler equation for investment goods producers:

B = E(1+B8) Q@22+ QX302 (G + Gu0) — ON2G2H
—ﬁQXigg (jt-i-l + Gat41 + Q’yt+1>]-

Evolution of the number of bubbly firms:
iy = (1 — 8¢) Oring—1 + (1 — 3e) 00, 1.

Evolution of the total value of the bubble:

Bf = E (At+1 — A+ B?Jrl) + [1 = B(1 = 8e)8] waEiéi
1-(1—6:)0

The risk-free rate
—Ryi = Ey (At—H — A - g’yt+1> +[1 = B(1 = 6c)Ry /gy o Erérsq-

Marginal utility for consumption:

N 9y 9y A h A 4
Ay = o — Bh [ gy—hcﬁpgy—h (Ct—l g’yt>:|
Bh 9y A - h
- 5hEt o= (Ct+1 +g'yt+1) + P F Ot

11
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14. The growth rate of consumption goods

=iy

15. The growth rate of the investment goods price:
Lazt = 5\zt-

In the above system G is determined by (C.13),

1
NI AT A

Azt + (5\at + Ay — Aﬁl) .

(D.16)

(D.17)

(D.18)

(1 —®(g*)) is given by (C.27), and &’ (1) satisfies (C.20). The log-linearized shock processes are

listed below.

1. The permanent technology shock:

~ ~

>\at = pa>\at—1 + €at-

2. The transitory technology shock:

Am Am
Al = pam ALy + Eam g

3. The permanent investment-specific technology shock:

5\zt = pz)\ztfl + 4.

4. The labor supply shock:
b, = pwH + €yt

5. The financial shock:
61& = P(&tq + et

6. The sentiment shock:

0; = Peétfl + €o¢-

E Appendix: Business Cycle Moments

(D.19)

(D.20)

(D.21)

(D.22)

(D.23)

(D.24)

To evaluate our model performance, we present in Table 1 the baseline model’s predictions regard-

ing standard deviations, correlations with output, and serial correlations of output, consumption,

12



investment, hours, and stock prices. This table also presents results for four estimated comparison
models discussed in the paper. The model moments are computed using the simulated data from
the estimated model when all shocks are turned on. We take the posterior modes as parameter

values. Both simulated and actual data are in logs and HP filtered.

F Appendix: Robustness

F.1 Extended Model with Consumer Sentiment Index

Table 2 below reports the prior and posterior distributions of estimated parameters in the extended
model of Section 5 in the paper with the consumer sentiment index as one of the observation series.
The parameters {aj,bj}?zl in the table are coefficients in the equation for the sentiment shock
and in the observation equation of the consumer sentiment index. The variable o, represents the

standard deviation of the measurement error.

F.2 Priors

In our baseline model of the paper, we choose 10% as the prior mean of oy because we know that
the stock market volatility is very high. To see if our result is robust to a smaller prior mean of oy,
we set the prior as Inv-Gamma with mean 0.01 and standard deviation infinite. We re-do Bayesian
estimation and report estimation results in Table 3. We find that these results are very similar to

those in the baseline estimation.

F.3 A Hybrid Model

Our baseline model has abstracted away from many other potentially important shocks such as
news shocks or uncertainty shocks. Thus, it is possible that the sentiment shock is not impor-
tant at all in explaining stock prices and real variables if other shocks are taken into account.
To examine this possibility, we follow the methodology of Ireland (2004) and combine the DSGE
model with the VAR model.? We then estimate this hybrid model using Bayesian methods.?
Following Ireland (2004), we now shut down all the shocks in the baseline model except the senti-
ment shock, and introduce four measurement errors into the measurement equations for the data
{ApgPata ACP2 AIP% In NPatal  Specifically, let

Ireland, Perter N., 2004, A method for Taking Models to the Data, Journal of Economic Dynamics and Control
28, 1205-1226.
3We thank Tao Zha for suggesting us to conduct this analysis.
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Table 1. Business Cycles Statistics

Y C 1 N SP P

Standard Deviations (%)

U.S. Data 1.70 0.93 4.19 1.79 10.82 1.11
Baseline Model 1.84 1.46 4.29 1.30 10.58 1.06
No Stock Price 1.15 0.95 3.04 1.11 1.32 1.22
No Sentiment 1.50 1.40 3.32 1.57 10.20 2.49
No Bubble 177 165 4.10 1.87 10.28 2.61
Extended 246 194 535 1.25 12.20 1.12

Standard Deviations Relative to Y

U.S. Data 1.00 0.55 247 1.05 6.36 0.65
Baseline Model 1.00 0.79 2.32 0.70 5.74  0.58
No Stock Price 1.00 0.83 2.63 0.96 1.15  1.06
No Sentiment 1.00 0.93 2.21 1.04 6.78 1.65
No Bubble 1.00 0.93 232 1.06 5.81 1.48
Extended 1.00 0.79 2.17 0.51 4.96 0.45

First Order Autocorrelations

U.S. Data 0.90 0.90 0.87 0.93 0.77 0.86
Baseline Model 0.89 0.93 0.79 0.78 0.76 0.85
No Stock Price 0.83 0.89 0.73 0.77 0.72 0.88
No Sentiment 091 0.91 0.83 0.74 0.72 0.81
No Bubble 0.94 0.94 0.87 0.78 0.72 0.75
Extended 091 094 0.84 0.84 0.76 0.86

Correlation with Y

U.S. Data 1.00 093 0.97 0.82 0.42 -0.13
Baseline Model 1.00 0.94 0.88 0.61 0.39 -0.07
No Stock Price 1.00 0.88 0.80 0.68 0.45 -0.08
No Sentiment 1.00 0.85 0.74 0.56 0.06 -0.14
No Bubble 1.00 090 0.71 0.52 0.08 0.07
Extended 1.00 096 0.91 0.64 0.50 -0.08

Note: The model moments are computed using the simulated data (20,000 periods) from the
estimated model at the posterior mode. All series are logged and detrended with the HP filter.
The columns labeled Y, C, I, N, SP, and P refer, respectively, to output, consumption, investment,
hours worked, the stock price, and the relative price of investment goods. “No Bubble” corresponds
to the model without bubbles. “No Sentiment” corresponds to the baseline model without sentiment
shocks. “No Stock Price” corresponds to the baseline model without using the stock price data in
estimation. “Extended” corresponds to the model in Section 5 of the paper.

14



Table 2. Priors and posteriors of estimated parameters in the extended model

Prior Distribution Posterior Distribution
Parameter Distr. Mean St.Dev. Mode Mean 5% 95%
h Beta 0.33 0.24 0.57 056 0.50 0.63
Q Gamma 2 2 0.03 0.04 0.01 0.06
8" Gamma 1 1 15.66 15.57 11.64 19.43
¢ Beta 0.3 0.1 0.25 025 0.21 0.29
,u Gamma 2 2 264 274 234 3.5
fi Gamma 1 1 0.08 0.07 0.01 0.13
fa Gamma 1 1 526  6.13 3.72  8.50
f3 Gamma 1 1 0.67 0.62 0.00 1.10
ay Gamma 10 3 6.16 6.68 345 9.72
as Gamma 10 3 13.48 14.75  9.06 19.96
as Gamma, 10 3 8.20 8.84 499 122
aq Gamma 10 3 5.36 558 3.29 797
as Gamma 10 3 3.89 398 223 5.56
b1 Gamma 2 2 0.25 0.25 0.19 0.30
ba Gamma 2 2 2.91 2.65 0.62 4.52
b3 Gamma 2 2 3.79 3.63 1.69 5.36
by Gamma 2 2 1.66 2.19 058 3.81
bs Gamma 2 2 0.38 093 0.08 1.83
Pa Beta 0.5 0.2 0.68 0.67 0.52 0.80
Pgm Beta 0.5 0.2 0.81 080 0.73 0.87
P, Beta 0.5 0.2 040 038 0.26 0.51
Po Beta 0.5 0.2 096 095 094 0.96
Py Beta 0.5 0.2 096 096 095 097
Pe Beta 0.5 0.2 097 096 095 0.98
oq (%) Inv-Gamma 1 Inf 0.74 075 059 091
oam (%) Inv-Gamma 1 Inf 0.66 0.67 056 0.77
o, (%) Inv-Gamma 1 Inf 0.59 0.60 0.53 0.67
og (%) Inv-Gamma 1 Inf 13.70 13.80 10.28 17.05
oy (%) Inv-Gamma 1 Inf 0.80 0.81 0.71  0.90
o¢ (%) Inv-Gamma 1 Inf 0.76  0.70 039 0.97
Oerr (%) Inv-Gamma, 1 Inf 8.63 876 7.87 9.71
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Table 3. Prior and posterior distributions of parameters

Prior Distribution Posterior Distribution
Parameter Distr. Mean St.Dev. Mode Mean 5%  95%
h Beta 0.33 0.24 0.54 0.54 0.49 0.61
Q Gamma 2 2 0.03 0.03 0.01 0.06
5"/ Gamma 1 1 11.44 1192 833 15.49
¢ Beta 0.3 0.1 0.29 030 022 0.36
n Gamma 2 2 2.57 2.60 2.12 3.19
fi Gamma 1 1 0.05 0.04 0.01 0.07
I Gamma 1 1 473 482 254 7.08
f3 Gamma 1 1 0.42 0.32 0.00 0.56
Pa Beta 0.5 0.2 0.96 0.97 0.94 0.99
Pam Beta 0.5 0.2 0.97 0.96 0.95 0.98
P Beta 0.5 0.2 0.36 0.34 0.22 0.46
Po Beta 0.5 0.2 0.93 0.92 0.90 0.95
Py Beta 0.5 0.2 0.99 0.98 0.96 0.99
pe Beta 0.5 0.2 0.88 0.87 0.81 0.94
oq (%) Inv-Gamma 0.01  Inf 023 023 018 0.29
oam (%) Inv-Gamma  0.01 Inf 1.03 1.04 0.93 1.16
o, (%) Inv-Gamma 0.01  Inf 059 060 054  0.67
oy (%) Inv-Gamma,  0.01 Inf 17.85 19.46 11.65 26.38
oy (%) Inv-Gamma 0.01  Inf 0.81 082 0.72 093
o¢ (%) Inv-Gamma 0.01  Inf 077 084 042 1.21
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A PtsData A fgts In ( g’y)
ACPata AC In
A bata | = L+ (57) + 7, (F.1)
I Al In (g4)
In NData N, In (N)

where 7/, is the vector contains four measurement errors, g~ is the gross growth rate of output,
and N is the average hours in the data. Following Ireland (2004), we assume that the measurement
errors 7y follow a VAR(1) process:

Vi=AV 1+ BEy ¢, (F.2)

where A is the coefficient matrix and B is assumed to be lower-triangular such that the innovations

in €, are orthogonal to each other.

The measurement errors in equation (F.2) can be considered as a combination of all omitted
structural shocks in our baseline model and allow for potential model misspecifications. We allow
the measurement errors to be flexible enough so that the data are not necessarily driven by the
sentiment shock. The idea is that, if the sentiment shock is not the driving force, then equations
(F.1) and (F.2) form a first-order Bayesian VAR system and the measurement errors should be
important in explaining fluctuations in the data of {APtSData, ACPa AP In NData}. On the
other hand, if the baseline model is correctly specified and the sentiment shock is the main source

of fluctuations, then the estimated measurement errors will be unimportant.

The variance decomposition shows that the sentiment shock remains the single most important
factor accounting for the stock price variation although its importance is somewhat reduced. It
explains about 82 percent of the variation in the stock prices. It still accounts for significant frac-
tions of fluctuations in investment, consumption and output, explaining about 26, 38, 35 percent,
respectively. As in the baseline model, the sentiment shock is not important in explaining the
fluctuation in hours. We also find that the estimates of the common parameters in the hybrid
model are very similar to those in the baseline model. The smoothed sentiment shock is still highly
correlated with the consumer sentiment data, the correlation is about 0.73. These results suggest
that the importance of the sentiment shock is robust to the model variation and specification of
different shocks.
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